Abstract. We show the geometrical structure of the moduli space of positive-weighted trees with n labels 1, . . . , n which realize the same family of positive (n − 1)-weights and we characterize them as a family of positive multi-weights.
Introduction
We are concerned in studying the problem about whether a family F of positive real numbers is the family of the k-weights of some positive weighted tree T . The next section gives the precise meaning of our aim; here we would like to recall some relevant results in the literature which inspired this note, and to present our contribution.
The first result that we would like to recall tracks back to 1965, when Hakimi and Yau, in [7] , proved the following statement about graphs: F is the family of the 2-weights of a positive weighted graph if and only if the elements of F satisfy the triangle inequalities, that is
The role of the triangle inequalities is prominent as well in the criterion, given in [5, 13, 14] , concerning trees: a family F of positive real numbers that satisfy the triangle inequalities is the family of the 2-weights of a positive weighted tree if and only if for all D i,j , D i,k , D i,h , D j,k , D j,h , D k,h ∈ F the maximum value in
is attained at least twice; (1.2) is the well-known four points condition, and it can be stated also in order to contain, as special instances, the triangle inequalities (see for example [1] ).
Unlike the theorem by Hakimi and Yau, the result in [5, 13, 14] also provides a statement on uniqueness; in fact for a F satisfying the four points condition, there exists a unique positiveweighted tree T such that F is the family of 2-weights of T [6] . We can also state the uniqueness by saying that a positive-weighted tree T is determined by its family of 2-weights.
Along the same vein, a theorem by Pachter and Speyer in [9] asserts that a positive weighted tree T with n leaves 1, . . . , n and no vertexes of degree 2 is determined by its k-weights provided that 3 ≤ k ≤ (n + 1)/2. A further generalization of the theorem by Pachter and Speyer has been given by Baldisserri and Rubei in [3] .
Recently, Baldisserri and Rubei in [2] were also able to provide a neat characterization on when a family F of positive numbers is the family of the (n − 1)-weights of a positive weighted tree T of exactly n ≥ 3 vertexes labeled with 1, . . . , n. (It is a mainly open the problem to characterize when a family of positive numbers is the family of the k-weights of a weighted tree, and 3 ≤ k ≤ n − 2, see for positive results [8, 11, 12] .) The condition found by Baldisserri and Rubei hinges upon the following inequality
The inequality (1.3) can be seen as a generalization of the triangle inequalities (1.1), but unlike the case of positive 2-weights we don't expect a uniqueness to hold, as we have k = n − 1 while the statement of Pachter and Speyer holds for k ≤ (n + 1)/2.
Whence, one aim of the present note is to study the moduli space of positive weights w that can be put on a labeled tree T so that a given family F of positive numbers is the family of (n − 1)-weights of the positive weighted tree (T, w); the study of moduli spaces of trees has been addresses, among others, by [4, 10] . The description is given in Proposition 3.4, and it has two main points of interest, we believe: the first is that given a tree T with n labels 1, . . . , n, the moduli space (possibly empty) of positive weights essentially depends on how many leaves has T and on how many edges of T do not have a leaf as an endpoint. The second element of interest of Proposition 3.4 is that when exactly the equality holds in (1.3) exactly once in F , then F is the family of positive (n − 1)-weights of a unique positive weighted tree T ; thus in this very special case we recover a uniqueness phenomenon. Moreover, in this case the tree T is a star.
As an application of Proposition 3.4 we give an algebraic characterization of the equality case in (1.3) in Theorem 3.9; the theorem suggests that it could be of interest to study families of positive numbers which are of multi-weights rather than of k-weights for a fixed k. Other applications of our theory are the obstructions for a family F of positive weights to be the family of k-weights of a positive-weighted tree.
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Basic definitions and notation
Given a tree T (hereafter it is always meant to be finite), let E(T ), V (T ), and L(T ) be respectively the set of edges, the set of vertexes, and the set of leaves of T . A positive-weighted tree T = (T, w) is a tree T endowed with a positive valued function w : E(T ) → (0, ∞). Definition 2.1. Let T = (T, w) be a positive-weighted tree, and pick a natural number k ∈ N. Consider i 1 , . . . , i k ∈ V (T ) and define
We are going to employ the following notation.
• Let R + = {x ∈ R | x > 0}.
• Given a finite set A, then A is the number of elements of A.
• For any n ∈ N with n ≥ 1, let [n] = {1, . . . , n}.
• Given n ∈ N, n ≥ 3 and a, b ∈ [n], then e(a, b) denotes the edge (if exists) connecting a and b.
• Let n ∈ N, n ≥ 3. Given a family of real numbers F := {D I } I∈(
[n] n−1 ) , the element D 1,...,î,...,n ∈ F is also denoted as Dî for any i ∈ [n].
• given k ∈ {1, 2 . . .}, for a k-dimensional simplex we mean an open simplex, that is
• 0-dimensional simplex is a point.
• Given a weighted tree (T, w), we denote with w(T ) the total weight of the tree, that is the finite sum of the weight of all the edges of T .
Definition 2.2. Let be a leaf of a tree T . Let e be the edge whose endpoint is . Then we say that e is a twig and we write e = twig . A non-twig-edge of T is an edge whose neither endpoints are leaves.
Definition 2.3. We say that a tree (which is always meant to be finite) T is labeled when all its leaves have attached a label, and there possibly are vertexes of T which are not leaves and which are labeled.
Definition 2.4. Let T be a tree and a ∈ V (T ) be a labeled vertex of T . We say that a is a leaf-label if in fact a ∈ L(T ), while we say that a is a non-leaf-label if a ∈ L(T ).
Definition 2.5. Let T be a tree. We say that T is a reduced labeled tree when, if v ∈ V (T ) and
k ) be a family of positive numbers. We say that F is positive treelike if there exists a labeled reduced, positive-weighted tree T = (T, w) such that
In this case we also say that T realizes F . Moreover, we say that F is positive-leaf-treelike if there exists a labeled reduced, positive-weighted tree A with n labels [n] such that there are no non-leaf-labels.
Main results
We start with recalling some definitions and results from [3] which we are going to use in the present section.
Definition 3.1. Let r ∈ N − {0}. We say that a tree P is an r-pseudostar if any edge of P divides L(P ) into two sets such that at least one of them has cardinality less than or equal to r. Notice that a 1-peudostar is a star.
We say that a tree is essential if it has no vertexes of degree 2.
Definition 3.2. Let n, r ∈ N − {0}. Let T = (T, w) be a weighted tree with L(T ) = [n] Let e be an edge of T with weight y and dividing [n] into two sets such that each of them has strictly more than r elements. Contract e and add y/(n − r) to the weight of every twig of the tree T . We call this operation an r-IO operation on T and we call the inverse operation an r-OI operation.
We now recall the result in [2] which is interesting to compare with our main result.
Theorem 3.3 ([2]
). Let n ∈ N, n ≥ 3 and let F := {D I } I∈(
[n]
n−1 ) be a family of positive real numbers.
(1) There exists a positive-weighted tree T = (T, w) with at least n vertexes, 1, . . . , n that realizes F if and only if
for any i ∈ [n] and at most one of the inequalities in (3.1) is an equality.
(2) There exists a positive weighted tree T = (T, w) with only leaf-labels 1, . . . , n that realizes F if and only if
We now state the main proposition of this section.
Proposition 3.4. Let n ∈ N, ≥ 3 and let F := {D I } I∈(
n−1 ) be a family of positive real numbers with D1 ≤ . . . ≤ Dn . Let M ∈ {1, . . . , n} be the number of distinct elements of {D I } I∈(
[n] n−1 ) which have the maximum value.
(1) Suppose that M ∈ {n − 1, n}; then the family F is positive-treelike if and only if
Moreover, for any labeled reduced tree T which has only leaf-labels, the moduli space of positive weights E(T ) → R + which realize F is a N -dimensional simplex, where N is the number of non-twig-edges of T . In this case F is not realized by other positive-weighted trees.
(2) Suppose that 2 ≤ M ≤ n − 2; then the family F is positive-treelike if and only if (3.2) holds. Moreover, for any labeled reduced tree T which has only leaf-labels, the moduli space of positive weights behaves as in the case (1); also, for any labeled reduced tree T which has exactly M non-leaf-labels and such that its leaves are labeled with 1, . . . , n − M , the moduli space of positive weights E(T ) → R + which realize F is given by an N − 1-dimensional simplex, where N ≥ 1 is the number of non-twig-edges of T . Finally, there are no extra positive weighted trees which realize the family F . In this case we observe a rigidity phenomenon: the family F is realized by a unique positive weighted tree T = (T, w). More precisely, necessarily c = n, T is a star whose center is labeled as n, and the values of w are given by
Proof. We first claim that, if F is realized by a positive weighted tree T = (T, w) and T has at least a non-leaf-label, then the exact number of non-leaf-labels of T is M . In fact, we have that if k is a non-leaf-label, then Dk = w(T ), while if h is a leaf-label, then Dĥ > w(T ). As consequence, if M = {n − 1, n}, then F can possibly be realized only by positive-weighted trees with n leaves; otherwise, F can be possibly realized by positive-weighted trees of either n or n − M leaves. Let us consider the case when M ∈ {n − 1, n}. By means of [2, Theorem 9 (b)], we know that F is treelike if and only if (3.2) holds. Pick a tree T with labels [n]. We already argued that if T has a nonleaf-label, then T cannot be endowed with a positive weight that realizes F . Whence, assume that T has only leaf-labels; also, assume that T is reduced and has N ≥ 0 non-twigs-edges e 1 , . . . , e N , and exactly n leaves 1, . . . , n. Let (T ,w) the unique positive-weighted essential 1-pseudostar with n leaves 1, . . . , n that realizes F , by means of [3] . By how we ordered D1, . . . , Dn, we observe that there holdsw
We define the weight w : E(T ) → R given by
(3.5) and w(e ) ∈ (0, 1),
we have to verify that the values of w are actually positive and that T = (T, w) realizes F .
Since (n − 1)w(twig n ) > 0, then it is always possible to choose w(e 1 ), . . . , w(e N ) such that they are all positive and satisfy (3.6). Moreover, for j ∈ [n] there holds
Whence, the weight w : E(T ) → R is in fact a positive-weight. It remains to prove that T realizes F . Let j ∈ [n]; then
Whence T realizes F . It remains to show that given a positive weightw on T which realizes F , thenw has the structure as in (3.5) and (3.6). In fact, starting from (T,w) we can perform N operations of type 1-OI contracting e 1 , . . . , e N . We thus obtain a sequence of weighted trees, for j = 0, . . . , N , T j = (T (j) ,w (j) ) , where we set T (0) = (T,w),w (j) is a positive weight for all j = 0, . . . , N , T (j) realizes F for all j = 0, . . . , N , and T (N ) is an essential 1-pseudostar tree. By means of [3, Theorem 16 page 13], it necessarily holds that (T (N ) ,w (N ) ) = (T ,w). Whence, reversing the N operations 1-IO performed, we get a way to obtain (T,w) from (T ,w); there follows that the structure ofw is necessarily as in (3.5) and (3.6) for suitable positive choices of w(e 1 ), . . . , w(e N ).
Finally, it is evident from (3.6) that the moduli space of positive weights on T which realize F is an N -dimensional simplex. This concludes the proof of (1).
About the case (2), if we start from a labeled reduced tree T with no non-leaf-labels, the argument is in the same vein as in case (1) . Thus let us consider a labeled reduced tree T with some non-leaf-labels; as we argued at the beginning of the proof, in order to realize F as a positivetree, T must have exactly n − M leaves; by means of how we ordered D1, . . . , Dn we have to label the leaves of T with labels 1, . . . , n − M (in any order). Now we claim that T has at least a non-twig-edge, that is N ≥ 1. Indeed, if we suppose by contradiction that all the edges of T are twigs, then T , as a non-labeled tree, would have the structure of a 1-pseudostar with exactly n − M leaves; if M > 1, this immediately produces a contradiction. It remains the possibility that M = 1, which falls in case (3) . This completes the proof of the claim.
We consider the subfamilyF = {D1, . . . , D n−M } ⊂ F , and we regard D1, . . . , D n−M as a
We claim thatF is positive-leaf-treelike. By means of [2] , it suffices to prove that
for all j ∈ [n − M ]. We suppose by contradiction that
We know that
from which, since we ordered such that
which gives a contradiction, being Dn = D n−M . Moreover, it is clear that if (3.7) holds for j = n − M , then it also holds for all j ∈ [n − M ]. This completes the proof of the present claim.
As a consequence, we can now apply [3, Theorem 16 page 12], and we let T = (T ,w) be the unique essential 1-pseudostar tree with n − M leaves 1, . . . , n − M positively weighted, that realizes F .
The next claim is that the weight w : E(T ) → R given by
is in fact a positive weight and it realizes F . We start with observing thatw(T ) − Dn > 0; in fact
and whence the equation (3.7) for j = n precisely tells thatw(T ) − Dn > 0. Moreover, to check that w(twig j ) > 0 for all j ∈ [n − M ], it is enough to observe that
Indeed,w(twig n−M ) =w(T ) − D n−M and we ordered the (n − 1)-weights so that Dn > D n−M . Finally, we compute for all j ∈ [n] the value of Dĵ((T, w)); we start with the case j ∈ [n − M ] and we have
In the case when j = n − M + 1, . . . , n then we compute
for how we ordered the (n − 1)-weights.
To conclude the proof of case (2), we notice that arguing as in case (1) we can show that ifw is a positive weight on T that realizes F , thenw has the structure as in (3.8) and (3.9) . It is also clear that such positive weights form an (N − 1)-dimensional simplex.
Let us finally handle the case (3). Pick any labeled refined tree T with only leaf-labels; then an argument in the spirit of case (1) gives the claimed conclusion in the case when (3.2) holds.
Whence, it remains to discuss the case of a labeled reduced tree T with some non-leaf-labels that would realize F as a positive-weighted tree. We notice one possible solution A = (A, p) of our problem is already discussed in [2, Theorem 9 page 4], so we want to prove that A is the unique reduced positive weighted tree which realizes F . First of all, we claim that the only positive weight w that one can put on the tree A in order to realize F is precisely p. In fact, for such w we have
Moreover, since E(A) = {twig 1 , . . . , twig n−1 }, we have that w : E(A) → R + is uniquely determined by {D1, . . . , Dn}, and whence w must coincide with p. Now we suppose that there exists a labeled reduced tree T , with T = A, which realizes the family F by means of a positive weight w. We aim to get to a contradiction. We start with claiming that, ordering the (n − 1)-weights as
then the label n is placed on a vertex of T which is not a leaf. In fact, if the label n was placed on a leaf of T , then also the labels 1, . . . , n − 1 would be placed on leaves of T , and the fact that all the labels 1, . . . , n are placed on leaves implies that
and hence
which gives a contradiction. As consequence of the above claim we have that Dn = w(T ); in fact, L(T ) ⊂ [n − 1] and Dn = D 1,...,n−1 .
The next claim is that the labels from 1 to n − 1 are placed on leaves of T . I fact, if a label k ∈ [n − 1] would be placed on a non-leaf vertex of T , then one would have Dk = Dn, against our assumption M = 1. Now we claim that all the edges of T are twigs. In fact, if by contradiction T would have a non-twig-edge of weight, say, x > 0, then
which gives a contradiction. Summarizing, T as labeled reduced tree has n − 1 leaves 1, . . . , n − 1, the label n is placed on a non-leaf vertex, and all the edges of T are twigs; this amounts to say that T = A and shows the contradiction we were looking for. This completes the discussion of the case (3) and of all the proposition. Remark 3.6. It would be nice to get a geometrical description of the moduli space of all the positive-weighted trees corresponding to a given family F of positive (n − 1)-weights. In fact, Proposition 3.4 rather gives the moduli spaces of positive-weights that can be put on a tree in order to realize F .
Corollary 3.7. Let n ∈ N, ≥ 3 and let F := {D I } I∈(
n−1 ) be a family of positive real numbers for which there hold (3.3) and (3.4). Then the family F is equivalent to the family of positive two-weights F 0 = {D ab } 1≤a<b≤n for which
The correspondence between the two families is the following
and, conversely,
Proof. Given F as in the statement, by means of Proposition 3.4 we know that F is realized only by the positive-weighted tree T = (T, w) such that T is a star whose center is labeled as c, and the values of w are given by
Whence, it is easy to see that the positive-weighted tree T gives the family of positive two-weights F 0 .
Conversely, given the family F 0 , it is now clear that one positive-weighted tree that realizes F 0 is T as here above. Moreover, thanks to [6] we know that any family of positive two-weights can be realized by at most a unique positive-weighted tree. Whence the families F and F 0 can be put in correspondence and it can be easily verified that the correspondence is exactly that one expressed in both (3.11) and (3.12) . This completes the proof of the corollary.
Remark 3.8. The interest of Corollary 3.7 is that now we can give to the family of positive (n − 1)-weights F two different interpretations: the first one is geometrical, and it is captured by the description of the positive-weighted star tree T which realizes F . The second one has an algebraic flavor: we can replace the family F with a family of positive two-weights. Notice that, by means of Proposition 3.4, such a correspondence does not exist for any other family of positive (n − 1)-weights. Notice that by means of [9] , we could state in Corollary 3.7 a correspondence between the family F and a family F k of positive k-weights, where 3 ≤ k ≤ (n + 1)/2. is positive-treelike, and moreover they are realized by exactly the same positive-weighted trees.
Proof. ⇒ Suppose that the family F is positive treelike, realized by a positive-weighted tree A = (A, p). Also, the subfamily F |a 1 ,...,a k+1 is treelike, and by means of (3.13) and of Proposition 3.4, the only positive-weighted tree that realizes it is the star tree T = (T, w). Now, it is clear that A |{a 1 ,...,a k+1 } = T ; moreover, by means of Corollary 3.7 applied with n = k + 1, the subtree A |{a 1 ,...,a k+1 } is given by the family of positive two-weights described in (3.14). Whence, the family F 1 is as well realized by the positive-weighted tree A = (A, p).
⇐ Suppose that the family F 1 is positive-treelike, realized by a positive-weighted tree A = (A, p). By means of [6] the subfamily of positive two-weights as in (3.14) is realized by a unique positiveweighted tree T = (T, w); by Corollary 3.7, the information about the family of positive two-weights in (3.14) is encoded in the subfamily of positive k-weights {D a 1 ,...,â j ,...,a k+1 } j=1,...,k+1 ⊆ F . Whence, the family F is as well realized by the positive-weighted tree A = (A, p). This concludes the proof of the theorem.
